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Abstract. We propose a nonlinear extension of the Fierz—Pauli mass for the graviton through a functional of
the vielbein and an external Minkowski background. The functional generalizes the notion of the measure,
since it reduces to a cosmological constant if the external background is formally sent to zero. Such a term
and the explicit external background emerge dynamically from a bi-gravity theory, having both a massless
and a massive graviton in its spectrum, in a specific limit in which the massless mode decouples, while the
massive one couples universally to matter. We investigate the massive theory using the Stiickelberg method
and providing a 't Hooft—Feynman gauge fixing, in which the tensor, vector and scalar Stiickelberg fields
decouple. We show that this model has the softest possible ultraviolet behavior that can be expected from
any generic (Lorentz-invariant) theory of massive gravity, namely that it becomes strong only at the scale

Ag = (mgMp)'/?.

1 Introduction and discussion

Motivated by the observed accelerated expansion of the
universe [1-3], and by the theoretical difficulties in ascrib-
ing it to a cosmological constant, there has been consider-
able activity in modifications of gravity at large scales in
the past years. For instance, an accelerated expansion can
be achieved in bi-gravity models [4], in models in which the
Lorentz symmetry is broken by the gradient of a field [5],
or in four dimensional models embedded in extra dimen-
sions, as the self-accelerating DGP branch [6—10]. Some of
these proposals have properties similar to massive grav-
ity, which is probably the most straightforward and best
studied modification of general relativity.

At the linearized level, massive gravity is obtained by
adding to the Einstein—Hilbert action a mass term for the
metric perturbations h,, = gu» —Nuv. The quadratic La-
grangian for this massive spin-two tensor field is given
by [11]
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where h = n*"h,,, is the trace of the metric perturbation.
There is a very stringent experimental bound on the gravi-
ton mass: mg <7 x 107* GeV [12], which is close to the
inverse of the size of the observable universe. As already
observed by Fierz and Pauli (FP) [11], the relative sign
between the two mass terms is fixed uniquely by the re-
quirement of having a ghost-free Lorentz-invariant (linear)
theory.! The massless linear theory mg = 0 can be uniquely
extended beyond quadratic order using the requirement of
general covariance leading to the familiar Einstein—Hilbert
action. But because the mass term breaks covariance, it
has no unique nonlinear extension.

Covariance can be restored by introducing additional
degrees of freedom, as for instance it is done with the
Stiickelberg method [16]. Another approach is to introduce
a second metric into the theory [4,17,18]. When one of
the two metrics obtains a background expectation value,
a mass term for the other metric is generated. Even though
such bi-gravity theories are covariant, their completion of
the Fierz—Pauli mass term is far from unique, because one
can write down an infinite set of invariant nonlinear in-
teractions between the two metrics. It is possible to ob-
tain more uniquely defined bi-gravity theories: [18] consid-
ers a bi-gravity model described in terms of the vielbeins
(tetrads), rather than metrics. Besides Einstein—Hilbert
actions for both sectors it includes all possible cosmological
constant-like terms that can be written down using these

L A richer structure of ghost-free mass terms is possible if one
is willing to give up Lorentz invariance [13—-15].
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two vielbeins. The model [18], reviewed in Appendix A, has
two spin-two fields, one of which is massless, while the
other has a mass term of the FP form (1). Interestingly, the
model admits a limit in which the massless mode decou-
ples, while the massive one couples universally to matter.

The goal of the present paper is to investigate the re-
sulting model of massive gravity. We would like to perform
an analysis beyond the linearized level and to compare our
results with those obtained for generic massive gravity the-
ories. In particular, we want to investigate: when does this
massive gravity theory become strong? This question is
important, because it is related to the van Dam—Veltman—
Zhakarov (vDVZ) discontinuity [19, 20]. The propagator of
a massive graviton does not reduce to the massless one in
the limit of vanishing graviton mass mg — 0. The discon-
tinuity between these propagators results in a discontinu-
ity between the perturbative interactions of the massless
and massive theories. However, precisely because the in-
teractions of massive gravity become strong, this does not
necessarily mean a discontinuity between the final non-
perturbative results [16, 21, 22]. Reference [16] showed that
the scale at which any nonlinear completion of the FP mass
term (1) becomes strong never exceeds Az = (szp)l/?’.
Any generic completion that becomes strong at a smaller
energy, can be improved by adding suitable terms to result
in a theory that becomes strong at As. This procedure is
in general rather involved. Quite remarkably, we will prove
that our model becomes strong precisely at the scale A,
without the need of such additional terms.

The plan of this paper is the following. Section 2 de-
scribes the model of massive gravity we want to study
in this paper using the vielbein formalism. In Sect. 3, the
Stiickelberg analysis of [16] is extended to the case of the
vielbein. In general, the vielbein formulation of gravity
contains more (non-dynamical) fields than the standard
metric formulation, which are compensated by additional
gauge symmetries (the local Lorentz transformations). We
provide the (unique) transformation that fixes these ad-
ditional degrees of freedom. In Sect. 4 we determine the
quadratic action for the graviton and the Stiickelberg
fields. We present a gauge choice that explicitly decouples
the scalar, vector and spin-two degrees of freedom. This
choice, which, to our knowledge, has not been provided so
far in the literature, leads to particularly simple propaga-
tors for the different polarizations. In Sect. 5 we classify the
dominant interaction terms, and we show that the scale at
which the theory becomes strong is As. In that section we
also compute the tree level amplitude of the 2 — 2 scalar
scattering, because it can be considered as a typical dia-
gram used to compute the scale at which massive gravity
becomes strong. However, we show, by a specific choice of
parameters, that this interaction can be made to vanish
at this scale, while other interactions still remain strong.
These results are summarized in the concluding Sect. 6. In
Appendix A we explain how the model of massive grav-
ity studied in this paper can be obtained via a decoupling
of the bi-gravity model introduced in [18]. The subsequent
appendices are more technical. Appendix B describes some
useful properties of a special product that generalizes the
definition of the determinant, which is used to write the in-
teraction between the two initial gravitational sectors. The
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Appendices C and D contain useful intermediate results for
the computation of the action in terms of the Stiickelberg
fields.

2 A massive gravity theory described
in the vielbein formalism

In this section we outline the model of massive gravity that
will be studied in this paper. The action of this model is

Sz%MI%/d4x{\/—_gR+3m§<(e—n)2 (e—|—17)2>},
(2)

where we have denoted by g, the metric associated to the
vielbein e,,. The theory describes a massive graviton and
is characterized by the Planck mass Mp and the graviton
mass mg. To write the cosmological constant-like interac-
tion term we have introduced the notation

1
<ABCD> = —Zéaﬁ’yéeadeAaaBﬁbO'ycpéd ) (3)

with €22°? being the totally antisymmetric Levi-Civita ten-
sor. (Some useful properties of this product are collected in
Appendix B.) This coupling term is a generalization of the
measure, since (A%) = | A| = det(A). Using these properties
it is not hard to show that the action can be rewritten as

5= a2 [ ate { g (meomd) - It (7 14)}
(4)

where [e"] is the trace of (n~'e)™. Hence, the final term
can be interpreted as a FP mass term for the vielbein. By
formally inverting the definition,

uv = eumnmneun y (5)

we could have equivalently expressed it in terms of the
metric. However, the resulting expression would appear as
a complicated and unmotivated power series of the met-
ric. This model is obtained by considering a specific limit
of the bi-gravity theory introduced in [18] as is explained
in Appendix A. The specific choice of the action (2) is ob-
tained by imposing the reflection symmetry e, m — —eum,
and by requiring that the Minkowski background e,,,, = 1,,,,
is a solution. Indeed, from this last requirement, we see
that the second term must factorize the (e —7)? combina-
tion, and then the second factor simply follows from the
reflection symmetry. This specifies the action (2) uniquely
among the several interaction terms that may constructed
starting from the vielbein, the Minkowski background, and
the product (3).

However, there is still a large arbitrariness in this pro-
cedure, given by the choice of the background term. In the
action (2) we chose it to be equal to the Minkowski back-
ground 7,,,, in Cartesian coordinates. But, already choos-
ing it to be the Minkowski metric in spherical coordinates
would result in a different theory, since this term explicitly
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breaks covariance. We can also obtain more general solu-
tions, starting from a different background metric ey, ,,, in
the action (2), and adding the corresponding source term
that would lead to that solution in the standard case since
the “mass term” is quadratic in e,,,, — e, 1, it would not af-
fect the validity of the solution. However, for definiteness,
in the remainder of this paper we will only consider the case
where the background is Minkowskian using Cartesian co-
ordinates.

The interaction term in (2) constitutes a particular
completion of the FP mass term. Inserting the expression

€y = Nuv + ful/ (6)

in the second term of (2) gives

AS =

g2 { (77— (77 + 5 (4 11077 +217%)

+
|

(71 — 6L72Lf) + 31722 + 8LALF) —6[f41)} |
)

We stress that this expression is exact (rather than just
a perturbative expansion to fourth order). In the remain-
der of the paper we discuss the effects of the nonlinear
interactions in setting the scale at which the model be-
comes strong.

3 Stiickelberg fields

We investigate the graviton interactions in the model out-
lined in the previous section. Nonlinear interactions of
massive gravity can be most easily studied through the
Stiickelberg formalism, developed in [16]. To do so for our
model, we first have to formulate the Stiickelberg formal-
ism in terms of the vielbein, rather than the metric (as
done in [16]). In this section we describe this computation
in some detail.

The Stiickelberg formalism consists in performing a se-
ries of transformations in (2) and in promoting the param-
eters of these transformations to new fields. These fields
appear in the new action together with additional sym-
metries, so that the original action can be recovered with
a particular gauge choice. However, we can also choose al-
ternative gauges in the new action, where the nonlinear
interactions can be computed more easily.

More specifically, we start from a symmetric vielbein
perturbation f,,, and perform a general coordinate trans-
formation = — y = y(z) combined with a local Lorentz
transformation, with Ln~' L™ = 7. Performing these trans-
formations into the action (2) results in the replacements

d*z — d*y = ’@‘ d*z,
ox
Cpa = € = weabnbcica . (8)

We note that, even though e, is assumed to be sym-

metric, e;ml is certainly not automatically symmetric.
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While the first term of (2) is invariant under these com-
bined transformations, the whole action transforms into
the Stiickelberg form

S — Sy = %Mﬁ/d‘*w

X {\/—gR—i-Smg

@@’}
o)

where e),,,, has been defined in (8). Notice that (8) intro-
duces the Jacobian in front of the cosmological constant
term.

The parameters in the local Lorentz transformations
are not dynamical; therefore, they can be integrated out
using their algebraic equations of motion. Writing

Lmn(w) = me(:r) [eXP(U_lb(w))]p ns

where b, is antisymmetric, we expand the action (9) to
first order in b:

(10)

oy / ;) — )
£'<63(677 1b)—7726 (677 1b)>.

(11)

O0pSet = 6m§M§/d4x

Using the property (B.1), it is immediate to verify that the
first term in (11) vanishes, due to the antisymmetry of b, .
Using (B.3), the remaining term rewrites

1
0pSst = —§m§M§/d4x

% {[e’] (nfle/nfl)#l’ _ (nfle/nfle/nq)uu} b
(12)

9y
ox

where we have used the notation [¢/] for the trace, see be-
low (7). This contribution vanishes if e’ is symmetric, and
therefore L = L is an on-shell solution. This symmetry of
e’ together with the requirement that L is a local Lorentz
transformation,

T
(ﬁen_lL) = @en_lL ,
Ay

dy
determines L uniquely in terms of the other fields.
See Appendix C for a perturbative construction of L. The
freedom in the choice of its sign is fixed by requiring that
L =Tif (9x/dy)e is symmetric.

Therefore, after we solve (13) for L, and we substi-
tute the solution back into (9), we are left with an action
that explicitly depends only on the three dynamical fields
fuv,au, and ¢. The latter two fields are obtained by decom-
posing

Ly 'Lt =7, (13)

yH(z) = 2" +at(x) + 0" p(x), (14)
into the spin-zero, ¢, and spin-one, a,,, polarizations of the
massive graviton (this decomposition introduces an addi-
tional U(1) gauge symmetry in the theory). These fields are
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the starting point for the Stiickelberg analysis of the non-
linear interactions performed in the next sections.

To summarize the Stiickelberg formalism we have em-
ployed in this section: in general, there are more degrees
of freedom in the vielbein than in the metric, which are
compensated by the local Lorentz transformations. This
means that in the Stiickelberg description additional fields
are introduced for both the general coordinate transform-
ations and the local Lorentz transformation. But contrary
to the Stiickelberg fields associated with the general coor-
dinate transformations, the ones of the local Lorentz trans-
formations are always auxiliary (i.e. non-dynamical) fields.
When we enforce their field equations, we ensure that the
composite vielbein €', defined in (8), remains symmetric
also after the Stiickelberg fields a,, and ¢ have been intro-
duced. Hence the number of physical degrees of freedom in
the vielbein formulation is the same as in the metric formu-
lation discussed in [16].

4 Graviton and Stiickelberg propagators

The aim of this section is to compute the propagators
of the massive gravity theory defined in Sect. 2 using the
Stiickelberg field decomposition discussed in the previous
section. As usual the propagators can be read off from the
quadratic action in the perturbations. However, we will
encounter a few complications: first of all, the scalar ¢ ob-
tains a regular kinetic term only after a Weyl rescaling
of the graviton field [16]. A second difficulty is that, be-
fore inverting the kinetic operator, we need to fix the gen-
eral coordinate covariance and the additional U(1) gauge
symmetry generated by the Stiickelberg procedure. Even
after the Weyl rescaling, the tensor f,,, the vector a,
and the scalar ¢ mix with each other at the quadratic
level (so that they cannot be used as such to describe in-
dependently propagating degrees of freedom). In the fol-
lowing we show how the last two problems can be solved
together by choosing 't Hooft—Feynman-like gauge fixing
terms.

At quadratic order in f,,, a,, ¢ the action (9) is com-
puted using (B.3) and the second order expansion of the
matrix L~ given in (C.6). The result takes the rather com-
plicated form

S = %Mﬁ / d*z {f‘“’ [f,,w +0f =% paw
~F% a1 (125, - 0F)]

+m§; |:f2 - fuufpu + fl“/ (aﬂall +81,CL#) — 2f3“a#

b

The sign of the kinetic term of the vector a,, is the standard
one (had the sign of the mass term in (2) been opposite, a,,
would have been a ghost). The last two terms on the second
line of (15) are the only two in which the scalar ¢ appears,
and are not regular kinetic terms for a scalar. Following [16]

1
- ZFMVFIW + 2fﬂyauau¢_ 2f|:|¢
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we perform the linearized Weyl rescaling

f;w :fuv_ %mznﬁwd) (16)

of the graviton, to obtain a regular kinetic term for the
scalar ¢. The quadratic action (15) becomes

52 = 5 M3 / d'z {f“” | Fowr+ 0= P
Pt (728 - 0F)]
+m§ [f2 —f’wf;w}

. . 1
—|—m§ [f‘“’ (Opay +0va,) —2f0%a, — ZFWFW

+3m2¢ (Bmmg} ¢+8“a#—f>]} .
(17)

Even though we now have obtained a regular kinetic term
for the scalar ¢, this action is still rather complicated and
contains quadratic interactions between the three fields
ful/» QA and ¢

In addition, this action (17) is invariant under the (lin-
earized) general coordinate transformations and a U(1)
gauge symmetry

A 1 1
5f;w = 5 (EMV +5V7u) - §m§77;w1/77
da, =€, +0u,
5= —1b.

These gauge symmetries can be fixed by using the following
gauge fixing functionals:

(18)

GCC: o+ =fm —%f,# Lz ,

2"

U(l):  O=ayt—f+3m2. (19)

Indeed, under the combined gauge transformations (18)
these functionals transform as

1 2

5@“=§(D—mg)£“, 59:(D—m2)¢.

- (20)

Note that at this order ©* only transforms under general
coordinate transformations, while © only under the U(1)
symmetry. This shows that by suitable gauge transform-
ations these gauge fixing functionals can be made equal to
any prescribed functions. When one performs an analysis
at the level of equations of motions, it is most convenient
to simply set both functionals ©# and © to zero. How-
ever, since in this section the aim is to obtain simple forms
for the propagators, we employ the gauge fixing function-
als (19) to define the gauge fixing action

1
ng:—M§/d4x{6“@u+Z(92} :

The use of these gauge fixing functionals can be viewed
as a generalization of the 't Hooft R, gauges in sponta-
neously broken gauge theories. In principle, we can allow

(21)
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for arbitrary normalizations in front of each of the terms
in (19): as long as they are suitably chosen, the tensor, vec-
tor and scalar modes remain decoupled at the quadratic
level. However, in this “Feynman” gauge, the gauge fixed
action reduces to the simplest form

2 N . R
Sé — %/d‘lx {fIU/ (|:| —mg) <fuy - %anf)
o (8- a+ Smito (- nZ) o}

1 2
+§mg

Hence in the gauge defined by (21) the different spin states
fuv,a, and ¢ are decoupled, and all have the same mass. In
this gauge all components of these fields are dynamical.

This action is very convenient: it is immediate from (22)
that the field redefinitions

A 1 . 1 2 1
v = 37 Jeuv =V2——— [ = o o5 Pecs
fu Mpfﬂ ay \/_mgMpa” ¢ \/gmgMpd)
(23)

normalizes the fields canonically. Also the propagators for
the graviton A, ,», the vector field A, ,, and the scalar A
become very simple

1
Aapps = 5 (Mapnpo +Nactsp — Naslps) A,
Auu = anA )
i
- 24

These propagators can be obtained from massless propa-
gators in the Feynman gauge by the straightforward sub-
stitution: p* — p? +m?. Even though the determination of
the propagators here was performed in the vielbein formu-
lation, it is obvious that it extends immediately to metric
perturbations h,, as well, since at the linearized level one
simply has h,, = 2f,,. Thus, this computation provides
the gauge fixing, which was not explicitly given in [16].
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5 Dominant interactions at high energies

After the discussion of the quadratic action and propaga-
tors, we now turn to the interactions of this massive grav-
ity theory. The interactions of any massive gravity theory
are rather involved, because there are many of them, and
they all possess rather complicated tensorial structures.
Moreover, the interactions have a polynomial momentum
dependence, and become nonperturbative at some “large”
energy scale (in this context, “large” is defined with re-
spect to the graviton mass). Therefore it is useful to classify
which interactions are the dominant ones at high energies.

As we reviewed in Sect. 3, in the Stiickelberg formalism
the vector a, enters in the “pion” field with one deriva-
tive, while the scalar ¢ with two derivatives. Therefore,
barring cancellations, the scalar couplings will be in gen-
eral the largest at high energies. As was noted in [16], the
¢¢ — ¢¢ scattering generally becomes strong at the scale
A5 = (mgMp)l/ 5. This scale falls into the regular pattern
of scales defined by

A, = (m2 M) (25)
where p can be integer or half integer (notice that A, is
a decreasing function of p). All interactions that become
strong at scale A3 or below are grouped in Table 1. In par-
ticular, the scale A5 appears in ¢¢p — ¢¢ scattering by
combining two three-scalar interactions. It was also shown
in [16] that the scale at which this scattering becomes
strong can at most be raised to As. For a generic model
of massive gravity, the authors of this reference sketched
a procedure to obtain a suitable set of counter terms. We
show that the model we are considering automatically sat-
isfies this property.

To give a detailed discussion, we divide the presentation
in three subsections. The first one proves that our model
does not have any interactions with either only scalars or at
most one vector. In the second subsection we show that all
tree level processes become strong at a scale that is greater
than or equal to A3. In the final subsection we explicitly
compute ¢p¢p — ¢¢ scattering, as an example, and we show

Table 1. This table considers all possible interactions that give rise to four-point scatterings that becomes strong
at scale A3 or below, using canonically rescaled Stiickelberg fields (23). Such scatterings either arise directly from
single four-point functions, (a), or by combining two three-point functions, (b), with a scalar, vector or graviton

propagator in between the two vertices

a) (b)

4 point scale 3 point 3 point scale 3 point 3 point scale

(0%¢)* Ay (0°9)° (0%9)° As (0%9)*(0a) (0%¢)*(9a) Ay

(0%¢)*(0a) Azr (9%9)° (0%¢)*(0a) Ag1 (0%9)*(0a) (0%¢)(0a)? Ags

(9°¢)*(9a)? A3 (%9 (9°¢)(9a) Ay (9°¢)*(9a) (0°0)°f Agy

(9%9)° £ A5 (%) (0°¢)2f Ay (0°¢)*(9a) (9a)? As
(9%¢)° (9a)® Agy (0%¢)(0a) (0%¢)(9a) f A3
©%¢)°  (P*$)0a)f Ay (@%¢)°f (0%¢)f A3
(0%¢)° (0a)*f A3 (0%¢)*f (0%¢)(0a)? A3
(0%¢)° (0%9)f? A3 (0%¢)(0a)? (0%¢)(0a)? A3
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that it is possible to extend the model such that this ampli-
tude vanishes altogether.

5.1 Absence of interactions with only scalars
or at most one vector

In the next two subsections we want to show that our the-
ory does not become strong below the scale A3. Here we
prove that the most dangerous interactions, which have
the schematic forms (92¢)™ and (02¢)"(da), are all absent
in our model. In these subsections we consider the scalar
interactions before Weyl rescaling: the additional scalar in-
teractions introduced by the Weyl rescaling will have an
additional factor m? from (16), and they therefore have the
same strength as tensor interactions. The interaction term
of (9) can be written as

ASy = gmgMg / diz <(e—H)2 (e+H)2> . (26)

where we have introduced the short-hand notation

v

H,ua = %nub (L_l)bc Nea » (27)
where y” is expressed by (14) in terms of a,, and ¢. In the
following, it is often useful to be able to resort to matrix no-
tation to suppress the indices. Aside from the Minkowski
metric 7, its perturbation f and the Lorentz transform-
ation L (which are matrices by definition), we encode the
derivatives of y into the matrices

_ (% _ 1 T _ 1
7r_<—x—]l>n_qﬁ+2(A+A) 5, (28)

where ®,,, = ¢ 1, Ay = ay, and Fy, = 0ya, — 0,0y, is the
U(1) field strength. (For us = is defined strictly by the ma-
trix equation (28); our definition differs slightly from the
conventions used in [16].)

Now let us first consider interactions with only scalar
fields. To single out from (26) the interactions (0?¢)", we
can simply replace I1,,,, — 1, + @, and set both L, and
euw equal to the Minkowski metric 7,,,, (ignoring the vector
and tensor contributions). We can take L, = 7, because
in this case €’ is automatically symmetric. This gives

ASy > 3m2M3 / d'z (4@ +4nd° + &%) | (29)

where we have employed the matrix notation defined
in (28). All these terms vanish upon partial integration. For
example, for the first term we obtain

/d4ilf <47’]2¢2> = —/d4$€ab6d€abpo¢7cp¢,d0
= / d e e, "¢ ¢ cio =0,
(30)

where we have used the definition (3) and the anti-
symmetry of the €2°°? tensor. Similar arguments also ap-
ply to the other two terms. Hence, all the interactions of
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the form (0%¢)" vanish. Equivalently this result can be
obtained by going to momentum space and realizing that
then all matrices are of the form (B.5), for which the an-
gular bracket vanishes as is proven in Appendix B. As
anticipated below (7), this shows that all these pure scalar
higher derivative interactions naturally vanish, which was
the motivation in [25] to consider these combinations.

Also the interactions of the schematic form (9%¢)"(da)
vanish. To see this, we employ the matrix notation (28),
and we again set e =7 in the interaction term (26). We
first observe that all the terms that are linear in F' vanish.
This is due to the fact that all the other tensorial struc-
tures that would multiply F', namely 7 or @, are symmetric,
while F itself is antisymmetric. Therefore, we can set both
fu and Fy,, to zero, without losing the term that we are
looking for. Doing so, we have a symmetric pion matrix,
T=&+1A+1A". Once we insert it in (28), we obtain
a symmetric e’ vielbein already; therefore L = 7. The ex-
pression we are looking for can be found by evaluating (26)
for Fy,, = fur =0, Ly = 1y, This results in an interaction
action that is again of the form (29) upon making the re-
placement ¢ — @+ %A—|— %AT. The final step is to single
out from this expression the terms that are linear in the
vector field. It is clear that they are of the form (A@"n3~").
Using a partial integration procedure similar to that of the
terms (®"n*~") presented above (or again using (B.5) in
momentum space), it is easy to verify that also such terms
vanish.

5.2 All interactions become strong at scale Ag
or above

We now show that there are no scattering amplitudes that
become strong at a smaller scale than A3. We only ana-
lyze the theory at the classical level; in particular, we do
not consider loop graphs. We first consider the S-matrix
elements that correspond to diagrams that contain a single
vertex Vi, ngn ” with ng tensor, n, vector and ng scalar
external legs.? Taking into account that at a vertex there is
momentum conservation encoded in a single overall four di-
mensional momentum delta function, which scales as 1/E*
(where E is the energy in the scattering), we see that such
vertex scales as

- m;Mg (1 \" ( E \"( E* \"
nomats T\ Mp mg Mp miMp )

(31)

where the F in parentheses arise from derivatives (scalars
enter in the Stiickelberg formalism with two derivatives,
while vectors enter with one), and the denominators arise
from the canonical normalization. To understand at which
energy E such a process becomes strong we need to com-
pute the scaling of the corresponding S-matrix element
Sng,nangs i which we integrate over all possible external

2 We would like to remind the reader that, for reasons ex-
plained in the previous subsection, we count the scalar and
tensor legs before Weyl rescaling.



Groot Nibbelink et al.: Nonlinear properties of vielbein massive gravity

momenta. Because the external particles are all on-shell,
we integrate over

d3p-
40 502 _m2) — i
/d pid(p; —m;) /2Eipi

where in the last step we used that in the high energy
regime we are considering E/ > m,. Hence the correspond-
ing S-matrix element scales like

sz (meMe)T (B
ng,na,n¢ E2 MP
E? E3

() ()

(For notational convenience we have taken the square root
of the S-matrix element; the interaction becomes strong
when the matrix element, or its square root, exceed one.)

Now we analyze the strength of general interactions
with a single vertex. Because we are interested in scatter-
ings, the total number of external legs ng +n, +ng > 3. In
total we can distinguish five different cases. (i) nq =ng = 0;
(ii) ng = ng = 0; (iil) ng, ng > 1; (iv) ny =1, and finally (v)
nq > 2. We have shown in the previous subsection that the
model does not have vertices with only scalars, hence there
are no processes that correspond to the first case, (i). The
second case, (ii), involves interactions among only tensors.
The corresponding S-matrix elements

512 . (m_> <£>
ng,na:n¢:0 MP MP

are bounded from above for ny < 4 and therefore do not

lead to strong coupling behavior. For ngy > 5 these interac-

tions become strong at an energy scale that is greater than

the Planck scale Mp. Next, let us consider interactions of

type (iii) that involve at least one scalar and one graviton.
By rewriting the general expression (33) as

~E?,

(32)

(34)

g1/2

E ng—1 E 2nq E 3(nge—1)
o (B (B ()
(35)

we conclude that these interactions are still weak at energy
scales lower than A3, because all the exponents of the fac-
tors are nonnegative, and the scales A3 < As < A3 = Mp
are ordered hierarchically; see their definitions (25). Let
us turn to interactions of type (iv), with a single vector,
ne = 1. From the previous subsection we know that if there
are no tensors, ng = 0, the amplitude vanishes. The situ-
ation with at least one tensor and one scalar constitutes
a special case of (iii). The remaining possibility of type (iv),
no scalars and ng > 2, becomes strong above the Planck
scale Mp (analogously to case (ii)). This is clear when we
rewrite

2 ng—2
1/2 Mg E N\
o~ (i) (i) -
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Finally, also case (v) remains weak at all scales lower than
As, because we can write

1/2

E\™ [/ E 2(nq—2) E 3ng
s (1) (2) 0 (5)
(37

Hence, we showed that, in this model, all n-leg interac-
tions with a single vertex become strong at the scale A3 or
higher.

Finally, let us discuss tree diagrams that contain more
than one vertex. Such diagrams can be obtained recur-
sively by combining tree level diagrams with less vertices
inside. Whenever we combine two such diagrams, we loose
two external lines and hence two factors of E? in the S-
matrix. At the same time we gain a factor E? in the ampli-
tude, since we have an additional momentum integral over
a propagator: [ d*p/p? ~ E2. (Because we consider tree di-
agrams all momenta inside a given diagram are fixed by
momentum conservation.) Therefore, the scaling of the S-
matrix element of the combined diagram is the same as of
the original two disconnected diagrams. We can repeat this
argument recursively, as we split any tree level diagram in
a series of single vertex diagrams. Since we already saw
that all single vertex scatterings become strong at least at
the scale A3, this argument shows that this is the case for
any tree level scatterings.?

5.3 Can the ¢¢ — ¢¢ scattering amplitude vanish?

The interaction vertices given in Sect. 5.1 can be em-
ployed to obtain several four-point amplitudes that (if
not vanishing) all become strong at the scale Az. These
amplitudes correspond to the scattering processes ¢¢p —
o, qu—) ¢f, ap — ap, aa — aa, and qu—) a a, plus
the crossed processes. As an example, we compute the
¢p — P scattering at tree level. In particular, we want
to investigate whether it is possible to have a model
where the full leading ¢¢ — ¢¢ scattering vanishes at tree
level.

As will become clear below, the amplitude for ¢p¢p — P
does not vanish in the model (2). Therefore, we consider
the slightly generalized interaction term

6m2M?2
_ bmgMp 4
Asgen_4+a+ﬁ d*z
x <(e—17)2 (e2+(2+a)ne+(1+ﬂ)n2)> ,

(38)

where the real parameters o and 3 are arbitrary. The nor-
malization factor 4+ a + 3 in (38) is chosen such that mg
still represents the graviton mass. Note that fora=0=0

3 All the arguments in this section ignore any possible in-
terference between different diagrams. Interferences can only
soften the scattering amplitudes, so they do not affect the con-
clusion that the interactions are weak at energies smaller than
As.
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we recover the terms in (2), which is symmetric under re-
flection of the vielbein. (Also in this more general model,
the interactions that can potentially become strong at
a scale lower than A3 vanish for the same reasons we have
discussed in the previous subsections.) To be able to di-
rectly compare various scattering amplitudes, we use the
canonically normalized fields defined in (23). The leading
interactions of the action (38) can be expressed as

1 1 24 3b 1+3b
\/_mQMp{ _; [F2¢]_+T[FF]D¢C}

11430 [ 1 A ,
gméMP {%qsc ((D¢C) - [Spc]) - §[fc](|j¢c)

| P
_§[fc] [@c] - [fc@c]m¢c}
a—2b 1 ; 2 1m0
+ 0 m4M2 {3\/— ((D¢c) [fc] - 3D¢c[fc] [@c]
—3(0¢)* [ fe + 382 [@e fo] +2[f] (7]
—6[]‘2@?] +6D¢c[fc@z]>
+2 ([D21F2] - (O¢e)*[Fe]?)

_1_8¢c ((O¢.)? — 30¢.[@2] +2[45§])}

ALgen D —

+[fP?]

Oolr—\

1 1 2
S _(Z4+5b—2a)[®*F?
g (o) e

2
+ <§ +3b— a) [@CFCQ)CFC]

1
- (5 +5b— 2a> O¢. [@CFE]} , (39)
where we have defined the parameters
o p
= b= —F——. 40
4+a+p 4+a+p (40)
To obtain these interactions we first performed

a Stiickelberg transformation to the action (38); we then
expanded it up to first order in f and fourth order in 7, and
we finally performed the linearized Weyl rescaling. To sin-
gle out only the leading terms, we then substituted 7 = A+
@ and kept only those terms with the highest power of
@, since they contain the greatest number of derivatives.
In this way, we found the expansion (C.8) given in Ap-
pendix C for IT defined in (27). Finally we worked out the

e

(a) (b)
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brackets (...) in terms of traces [..
of Appendix B.

This fourth order leading expression is rather involved
for generic values of @ and b. However, notice that if a = 2b
the entire term with the third and braces of (39) vanish.
In particular, there are no pure scalar interactions any-
more. This is also the case for the model (2) with a =b =0,
which we are mostly concerned with in this paper. How-
ever, if in addition b = —1/3, also the second braced term
and the very last term on the last line vanishes, and only
three different interactions survive: one two-scalar vector
interaction and two two-scalar two-vector interactions. In
particular there are no interactions with tensors left. Hence
the only possible four-point scatterings involve two scalars
and two vectors.

We compute the leading tree level ¢p¢ — ¢¢ scattering,
which becomes strong at the scale A3 for generic values of
a and b, using the leading expansion (39). The process is
described by the three diagrams shown in Fig. 1. The com-
putation of these diagrams is a straightforward exercise in
Feynman graph computations and therefore only the result
is given here. We neglect the graviton mass against the ex-
ternal and internal momenta of the scattering. In terms of
the standard Mandelstam variables s, ¢ and u, the ampli-
tude reads

.], using the identities

| @+3b)® (14307  a—2b| stu
M(Go = é) = | ——5—+75 3 |miME
(41)

The three terms correspond to the diagrams a, b and ¢
given in Fig. 1, respectively. The total amplitude expressed
in terms of the center of mass energy F equals

M(pp — ¢pp) = 2[(2b a)+(1+3b)? sin? @,

2, 4
Mng

(42)

where 6 defines the angle between the momenta of an in-
going and an outgoing particle in the center of mass frame.
We see that, besides the special point a = 2b = —2/3, there
is a whole parabola a(b) = 2b+ (1 + 3b)?/8 such that the
full tree level ¢p¢p — ¢¢ scattering vanishes at the scale As.
We emphasize that this four-point scalar scattering alone is
not sufficient to understand the strong coupling dynamics
of massive gravity theories and of our model in particular.

>

()

Fig. 1. This diagram displays the three diagrams that contribute to the four scalar scattering at the scale Az, which result
from (39). In the first diagram the scalar ¢ is exchanged, while in the second diagram the graviton f,. is the mediating particle.
The last diagram results from the four-point interactions of scalars
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6 Conclusions

The model of massive gravity considered in this paper is
standard general relativity with a cosmological constant
and a Fierz—Pauli mass term for the vielbein. By requiring
a reflection symmetry of the vielbein, €, — —€,4, this the-
ory, like standard Fierz—Pauli massive gravity, is described
by only two parameters: the Planck scale and the graviton
mass. As such it constitutes one of the simplest nonlinear
extensions of massive gravity theories. This model can be
obtained from a bi-gravity theory with an extremely simple
interaction term between the two sectors. The bi-gravity
theory contains a massless and a massive graviton state,
and it admits a limit in which the massless graviton decou-
ples [18], as we show in Appendix A. In the present work we
studied the model of a single massive graviton that emerges
in this limit.

We have investigated whether the simplicity of the
model has some physical implications, or only has aes-
thetic merit. To do so, we studied this model at the
nonlinear level (since, at the linear level, it is equal to
the standard Fierz—Pauli model). As the present model
is a special type of massive gravity, it shares the prob-
lems that massive gravity theories have in general. The
main one is that they are plagued by ghosts at the non-
linear level [23,24], which can never be avoided at the
quartic order in the perturbations [25]. A related diffi-
culty is that the self-interactions of a massive graviton
become strong at macroscopic distances from a source [21].
In general, the scatterlng becomes strong at the energy
scale A5 = ( 4M ) /5 . However, by adding to the start-
ing theory a set of sultable nonlinear mteractlons this
scale can be raised up to A3 = (m 2Mp) ® at most [16].
Even though our theory does not solve these essential
problems of massive gravity theory, it provides a mini-
mal model that has self-interactions that become strong
at the highest possible scale A3. Therefore, the model here
discussed may be considered as a prototype of massive
gravity, since, in addition to its minimal formulation, has
the best behavior that we can hope to obtain for such
theories.

We conclude with a note on the use of the vielbein
rather than the metric formulation. In (7), we wrote the
(exact) Lagrangian of the model in terms of metric pertur-
bations. Reference [25] already showed that special combi-
nations of terms have the consequence of removing from
the theory the self-interactions that involve only the scalar
polarization of the graviton, before Weyl rescaling (such
interactions — if present — would lower the strong scale
below A3). However, what in the metric computation ap-
pears only as a computational result (obtained by allow-
ing for arbitrary coefficients, and then finding which com-
bination eliminates the unwanted terms), in the vielbein
formulation corresponds to one of the simplest combi-
nation of a Fierz—Pauli mass for vielbein perturbations
and a cosmological constant. This suggests that, despite
that it is very rarely considered, the vielbein approach
may be more suitable for the study of massive gravity,
and, hopefully, for finding the improvements that it still
requires.
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Appendix A: Derivation from a bi-gravity
theory

In this appendix we explain how the massive gravity model
discussed in this paper can be derived from the bi-gravity
theory discussed in [18]. One starts from the two metrics
G+pv and §—,,, which we rewrite in terms of two vielbeins
€+ um and é_ ,,, using the standard definition

giuu = éiumnmnéiyn . (A].)
The action for the model is
1 ~
Spi = /d4 { —J+ <§M-2+R++/1+>
1
+ <2M2R +A_ ) 240 (€18% >}.
(A.2)

The two gravitational sectors are characterized by the two
“Planck masses” M4 and the cosmological constants Ag
and A4.* The double covariance of the model is broken by
the last term.

Let us now proceed to the study of the spectrum of the
model for the Minkowski background. We set
(A.3)

€tpuy = Nuw + fi;w )

and we expand the action (A.2) at the quadratic level in the
perturbations fi ,,,,. The resulting action is not diagonal in
terms of these two modes; however, it can be diagonalized
through the redefinition

<f+,u1/> _ L <1_%> <f0,uu>
f*,;u/ 7‘+% 1r ful/ ’

Themode fj ..., is massless, while f,,, has a Fierz—Pauli mass
myg, which is related to the cosmological constant Ay by®

_ My
M
(A.4)

-1
Ap = gmgMI% , Mp=M,M_ <r—|— %) . (A5)
The Planck mass Mp (as obtained from the kinetic terms)
is found to be identical for both gravitons. The graviton
mass mg vanishes for Ao =0, as a consequence of the en-
larged covariance.

The massless graviton decouples in the limit of either
M — oo (with finite M_), or M_ — oo (with finite M ).

4 As we see below Ag needs to be positive to avoid a tachyonic
mass for the graviton.

5 We correct a typo in the definition of the mass appearing
in [18].
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Both the Planck and graviton mass appearing in (A.5) are
finite in these limits, so that the quadratic actions for the
massless and massive modes remain finite. However, all the
nonlinear interactions involving the massless mode fo.,
vanish in either limit. For instance, in the first limit, we have
at leading order fi o fo/My, f and f_ o< fo/My, f/M3
(suppressing for shortness the tensorial indices). There-
fore, writing the original action (A.2) in terms of f and fo,
we see that any term containing the massless mode is sup-
pressed by a negative power of M, and therefore vanishes
as My — oco. The only exception is the quadratic kinetic
term from the + sector, which results in a finite kinetic term
for the massless graviton with the Planck mass (A.5). In this
limit, the massive graviton is identified with f_, and a the-
ory of a single massive graviton is obtained by coupling all
matter fields in the — sector. Obviously, an analogous situ-
ation is obtained in the other limit.

To obtain the model of this paper, we study the theory
in either of the two (equivalent) limits by ignoring the de-
coupled massless graviton. We also restrict our attention to
the Minkowski background. For instance, in the M — oo
limit, this gives €4, = ey, €—pw =c e =c (N +
fuv), and the action (A.2) reduces to (2).

Appendix B: Properties of (ABC D)

In this appendix we collect various helpful properties of
the angular bracket (ABCD) defined in (3). First of all the
ordering of the matrices A, ..., D is irrelevant in this ex-
pression, because of the two Levi-Civita tensors in its defin-
ition. For the same reason, this product is invariant under
the simultaneous transposition of all four matrices. As we
remarked in the main text, it generalizes the notion of a de-
terminant, in the sense that (A?) = det(A) = |A|. However,
(A2B?) cannot be written as a determinant. The prop-
erty of a determinant that the determinant of a product
of matrices is equal to the product of their determinants
generalizes to

((aAb)(aBb)(aCb)(aDb)) = |a|(ABCD)b|, (B.1)
for any matrices a, b, A, B,C, D.
The angular bracket can be rewritten in terms of traces

[A] = n Ay,; the resulting expression is rather involved:

(ABCD) = i 1 (AIIBIIC]ID] - [A][B][CD] - [A][D][BC]
—[B][D][AC] [AB][C][D] - [A][BD][C] - [AD][BJ[C]
+[AB][CD] +[AC|[BD] + [AD][BC] + [A][BCD]
+[A]|[BDC]+ [B|[ADC] + [B][ACD] + [C][ABD]
+[C][ADB] + [D][ABC] + [D][ACB]| - [ABCD]|
—[ADBC]—-[ACDB] — [ABDC]—[ACBD]—[ADC(%]%).

However, when some of its entries are equal to the
Minkowski metric 7, its expression simplifies considerably:

<773A> = _[A] )

n*) =1, 1
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(A B) = = ([A][B] - [AB)
(mABC) = o (IA][BI[C] - [A][BC] - [B][AC]
—[C]|AB] +[ABC] +[ACB)) . (B.3)

Also, we can use (B.2) to express the determinant of a ma-
trix in terms of traces:

4] = (4%)
= o (A1~ 6[AP[4%) + 3%+ 8[4][4%) —6[4))
(B.4)

Finally, if the matrices A, ..., D are formed from five

arbitrary vectors p, ¢, r, s and t,

Dsq = psta,
(B.5)

Ana = Padba 5 Bﬁb =PgTb, C’yc = PySc»

then, by the antisymmetry with respect to the exchange of
any two of the p,pg, v, ps inside the bracket expression,
we find (ABCD) = (nABC) = (n?AB) = 0.

Appendix C: Perturbative expansions

This appendix is devoted to some technical details of the
perturbative expansions, which we use in the main part of
the text to determine the interactions of the massive grav-
ity theory in the Stiickelberg formulation. The interactions
are encoded in the expression (26), where the matrix IT is
defined in (27). The first step for the computation of I is to
determine L from (13). Since the interactions of the gravi-
ton are determined by an expansion around the Minkowski
background, we consider the infinitesimal general coordi-
nate transformation

Ox
-1 -1
= —€
ay 77 Y

I+en (C.1)
and we expand L =) L, in a power series in € and its
transpose (more accurately, L, is a sum of monomials of
degree n, where each of the monomials is a product of € and
its transpose). Using this expansion, (13) can be rewritten
as two recursion relations
Lnp1—Lyyy=Lan ' —en 'Ly,
n
—17T
- Z Lkﬁ Ln—k+1 ’
k=1

Lp1i+LY,, = (C.2)

which, altogether, determine L order by order in the ex-
pansion. From this condition, and from taking L = 7 when
the change of coordinate is trivial (e = 0), we find the recur-
sive solution

Ly =

?

Ln+1 -

N = 3

(LTn Yl —en 'Ly —> LknlLEkH) ,
k=1
(C.3)
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where the last term in parentheses must be evaluated only
for n > 1. This determines L uniquely; up to cubic order,
the explicit solution reads

L=n—2(e—¢€") —|—é (36 —ee" —€eTe—(€7)?)

N =

+ 16 (" +ecete(e")’+eTe® —elee”

+(e")?e+ (") —5€%) +... (C.4)

In this expression the presence of n~! between any two
consecutive € or €' is understood. We can now use this
information to determine the matrix IT =n+ II; + IIs +
II3+. .., see (27), where the subscript indicates the order
in which the graviton f (before Weyl rescaling) and the
pion field 7 appear in this expression. In fact, in this work
we only need the expansion up to third order: we must eval-
uate the interaction term (26) up to quartic order in the
fields, since we are at most interested in four-point interac-
tion vertices. However, since one of the two factors entering
in (26) does not have a background part, it is sufficient to
expand IT at cubic order in the fluctuations.

From the definition (27), we see that we need to invert L
up to cubic order. The inversion up to cubic order in € is ob-
tained in a straightforward manner from (C.4). However,
one has then to realize that e itself is an expansion series in
terms of the fields that are contained in f and 7. Therefore,
we must now expand € at cubic order in the physical fields.
This is done expanding the definition of ¢, (C.1), where (in
matrix notation) e =+ f, while 7 enters in the inverse of
Oz /0y as written in (28). The expansion up to cubic order
for € reads

e=f—m—mn ' (f—m)+mn ten H(f-m)+. ..
(C.5)

and, finally, L~! is found to be

L=y +% (7T —m) + % (Br?— (@) —ant —7Tn)

b7 (P4 fremf —n)

+ %6 (TP —br® +m(n ")+ m°n T +ont
—nlant +atn? 4 (nT)?n)

@r*f = f(x")? —mfrtat fot —7fnt
—frtntal fr— fr+ frrt)

(7rf2—f27rT—f27r+7rTf2) +....

| =

_|_

+ (C.6)

| =

In both this expression and the next ones we have sup-
pressed writing the matrix n~! between consecutive fac-
tors. Inserting this expression in (27), we obtain

H=77+% (7T+7TT) +% (37T7TT—7r2—7TT7T—(7TT)2)
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—|—i (f7TT—|—f7T—7Tf—7rTf)
1
+ 1 (P + (@) —a(n ") —m?n T —mn T
—rTrrT + 7w + (27)2r)
(mfm— fE 2+ 7T faT 4 nfnt — faln
+7t fr— fol+ front — 27r7rTf)

—|—% (7rf2—f27rT—f27r—|—7rTf2)—|—... ,

| —

_|_

(C.7)

which we finally insert in the interaction term (26). This
gives the interactions between the various polarizations of
the graviton for the model we are discussing.

Equation (39) of the main text included the dominant
interaction terms up to quartic order. These leading terms
are obtained from the general expressions just given, by
substituting (28) in the expression above, and only keep-
ing terms with at most a single f or two A’s. (All other
terms have fewer derivatives, and so do not control the high
energy limit of the model.) This gives

1 1
M =n+®+3 (A+ A7)+ B(F - 2f)
- %(F—Qf)dﬂ—é (BAAT — 47— (AT)?— AT A)

+ % (F9* —’F + FAT® —PAF + ATOA— APAT
+4Pf D —2fP° — 207 f) . (C.8)

Notice that many possible structures are absent. In par-
ticular all terms with higher powers of ¢ and no other fields
have canceled. The reason for this is that in (C.7) terms
that could give such terms have coefficients that add up to
zero. For example, substituting 7 — @ in the combination
(BraT — w2 — (7T)2 —7Tx) gives zero because @ is sym-
metric. This completes the development of the expansions
of the various functions that appear in the main text to the
order required there.

Appendix D: Exact expressions

In addition to the perturbative expansions presented in the
previous appendix, it is also possible to derive closed ex-
act expressions. Such results can be obtained as follows: by
multiplying the relations

dr oy (0x\T o,
oy " =eL™, ne oy =(L7)"¢,

(D.1)

1

we can obtain an equation for '€’ of which we can take

the formal square root,

9] oz \" 2
r_ -19% 1 z
e'=n [n oy en e (8y> 1 . (D.2)
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Substituting this back into one of the equations (D.1), we

find
—1/2
or\ "’ ox or\ "’
L=e( 5 T Zenle | D.
e(&u) [n oy e(f%/)] (0-3)
This in turn results in
—1/2
Oy |0z _, [Oz T 1 Ox
o= i . (D4
o laye” e(é‘y) " 5y° P4
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